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Abstract
As GPUs and other accelerators become increasingly popu-
lar, optimizing I/O operations between on-chip and off-chip
memory is increasingly critical. I/O analysis, however, is com-
plex, requiring a deep understanding of application dataflow
and memory hierarchy. Developing a practical I/O analysis
methodology remains a timely challenge. Self-attention is
employed extensively in transformer models, but its qua-
dratic memory complexity poses significant challenges to
modern memory systems. In this study, we explore how to
use I/O analysis to develop optimal solutions for accelerat-
ing exact long-sequence self-attention. We first introduce
a novel I/O analysis for tall-and-skinny matrix-matrix mul-
tiplication, which captures the dominant data movement
behavior of long-sequence self-attention. Guided by system-
atic I/O analysis, we develop AttenIO, an I/O-driven accel-
erator for exact long-sequence self-attention with three key
optimizations: (1) an analytically derived I/O-optimal tiling
and scheduling to minimize I/O operations, (2) fine-grained
three-level communication-computation overlapping to hide
I/O stalls, and (3) parallel execution patterns for efficient
softmax. Our evaluation shows that AttenIO achieves a 1.6×-
8.8× speedup over the state-of-the-art solutions. Although
AttenIO is designed for self-attention, it also highlights the
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broader potential of I/O analysis as a principled foundation
for guiding high-performance I/O optimizations.
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1 Introduction
The rapid growth of data makes data movement a major fac-
tor of system performance [49]. Data-intensive applications
often require frequent and extensive data movement (I/O op-
erations) across the memory hierarchy to retrieve and store
data and results [35]. In many cases, I/O operations dominate
execution time, making them a primary performance bottle-
neck at all levels of a computer system [19, 31, 45–47, 65].
Transformer-based models, particularly those employing the
self-attention mechanism [70], are a prime example of this
data movement bottleneck.
Self-attention has become a cornerstone of transformer-

based models due to its ability to capture complex depen-
dencies among input elements [70]. Long-sequence self-
attention has emerged as a critical component for large lan-
guage models (LLMs) across diverse applications [5, 6, 15, 25,
68, 69], including multi-turn conversations, long-document
analysis [7, 21, 33, 34, 76], code completion [37, 43], and
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Figure 1. Latency breakdown of GPT-3 prefilling on RTX
6000 GPU (batch size 1).

multi-modal understanding [9, 40, 41]. With real-world sce-
narios increasingly requiring the processing of hundreds of
thousands of tokens [74], long-sequence self-attention has
become crucial for capturing and utilizing global context.

However, achieving efficient exact self-attention for long
sequences remains challenging because its memory com-
plexity scales quadratically with sequence length [14, 67].
A major bottleneck of long-sequence self-attention is the
massive I/O overhead across the memory hierarchy, which
significantly impacts performance. Figure 1 profiles the la-
tency breakdown of GPT-3 model [6] inference during the
prefilling stage, where all input tokens run through the
forward pass of the model to generate the first output to-
ken. The results show that exact self-attention accounts
for at least 80% of the runtime at sequence lengths beyond
4K, making it the primary bottleneck as sequence length
scales. To address these challenges, several approximate self-
attention methods have been proposed to reduce I/O over-
head, including sparsity-based techniques and lossy approx-
imations [3, 13, 17, 33, 42, 59, 62]. However, these methods
often require extensive fine-tuning, which limits their gen-
eralization. Moreover, they are less suitable for scenarios
requiring exact self-attention [2, 56].

To optimize the performance of exact long-sequence self-
attention, existing acceleration efforts [12, 14, 32, 61] focus
on reducing I/O operations between on-chip and off-chip
memory. FlashAttention [14] and its successors [12, 61] re-
duce I/O operations by leveraging tiling and recomputation,
breaking attention computation into tiles while recomput-
ing softmax-related values on demand to avoid storing large
intermediate matrices. FLAT [32] introduces a new dataflow
that explores fusion opportunities between different opera-
tors and proposes a tiling approach across the fused operator
to avoid recomputation and eliminate redundant memory
accesses to intermediate results. While both methods aim to
reduce I/O operations, neither provides a comprehensive I/O
analysis, making exact long-sequence attention an ideal test
case for I/O analysis. Without an I/O analysis, the selection
of tiling sizes and scheduling strategies remains heuristic and
does not adequately consider realistic hardware constraints,
thus leading to suboptimal performance.

In this work, we first present a systematic and novel I/O
analysis for tall-and-skinny Matrix-Matrix Multiplication
(MMM), an important component of exact long-sequence
self-attention, explicitly analyzing data movement across the
memory hierarchy using the Red-Blue Pebble Game [31]. By
reusing input data and partial output results between sub-
computations, we explore the optimal tiling and scheduling
strategy that minimizes I/O operations under the capacity
constraint of on-chip memory.

Building on this I/O complexity analysis, we next extend
our findings to exact long-sequence self-attention and in-
troduce AttenIO, an I/O-driven accelerator that accelerates
exact long-sequence attention for serving LLMs. Rather than
assembling standard architectural components, AttenIO is a
tightly integrated system that realizes the I/O optimizations
through coordinated control of tiling, scheduling, three-level
overlapping, and parallel execution for softmax. Accordingly,
AttenIO incorporates three novel, I/O-driven optimizations:
(1) Based on the I/O complexity analysis of tall-and-skinny
MMM, we develop an I/O-optimal dataflow for exact long-
sequence self-attention to minimize I/O operations by care-
fully selecting tiling sizes and scheduling all attention op-
erations. (2) Once the I/O-optimal dataflow is determined,
we introduce a three-level fine-grained communication-
computation overlapping mechanism for self-attention
operations, which effectively reduces I/O stall time and sig-
nificantly improves processing element (PE) utilization. (3)
We observe that the I/O-optimal dataflow not only minimizes
I/O operations but also enables parallel patterns within
softmax execution. By integrating softmax computations di-
rectly into the parallel patterns, AttenIO enables efficient
parallel execution, ensuring high computational efficiency.

We evaluate AttenIO against state-of-the-art (SOTA) exact
self-attention dataflow baselines: FLAT [32], Standard [52],
and FlashAttention-2 [12]. AttenIO achieves geometric mean
speedups of 8.8× over FLAT, 2.5× over Standard, and 1.6×
over FlashAttention-2 across varying sequence lengths. We
further validate the practical effectiveness of AttenIO, show-
ing that it accelerates the prefill stage of GPT-3 [6] inference
by as much as 2.3×. Furthermore, compared to a GPU de-
ploying FlashAttention-3 [61], AttenIO achieves up to 3.5×
speedup. These results demonstrate that systematic I/O anal-
ysis provides a solid foundation for optimizing data-intensive
workloads such as long-sequence self-attention and offers
a generalizable strategy to mitigate I/O overhead across di-
verse domains.

We make the following contributions in this paper:

• We extend the Red-Blue Pebble Game to analyze the
I/O complexity of tall-and-skinny MMM explicitly con-
sidering realistic hardware constraints.

• We introduce an I/O-optimal dataflow with tiling and
scheduling strategies for exact long-sequence self-attention,
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derived from the tall-and-skinny MMM analysis to
minimize I/O operations.

• We develop a three-level communication-computation
overlapping mechanism based on our I/O analysis to
further reduce I/O stall times.

• We optimize softmax computations by leveraging par-
allel patterns to enable efficient parallel execution.

• We extensively evaluate AttenIO, demonstrating its
superior performance over SOTA approaches across
diverse configurations.

2 Background
2.1 Self-Attention Mechanism
The self-attention mechanism [70] is a fundamental com-
ponent of transformer-based models, enabling them to cap-
ture complex dependencies within the input sequence. Self-
attention transforms the input sequence into three matrices:
queries (𝑄), keys (𝐾 ), and values (𝑉 ), where 𝑄,𝐾,𝑉 ∈ R𝑁×𝑑

with 𝑁 representing the sequence length and 𝑑 representing
the head dimension. Modern long-sequence LLMs [1, 16]
increasingly demand larger sequence lengths, often making
𝑁 much greater than 𝑑 (𝑁 ≫ 𝑑). As a result, the matrices 𝑄 ,
𝐾 , and 𝑉 are typically tall-and-skinny matrices.

For exact long-sequence self-attention, the key computa-
tion involves performing a tall-and-skinny MMM between
𝑄 and the transpose of 𝐾 to obtain the attention scores 𝑆 :1

𝑆 =𝑄𝐾𝑇 ∈ R𝑁×𝑁 .

Next, the softmax function is applied independently to each
row of 𝑆 to compute the attention weights 𝑃 :

𝑃 = softmax(𝑆) ∈ R𝑁×𝑁 .

Finally, the output matrix 𝑂 is computed by multiplying 𝑃
with 𝑉 :

𝑂 = 𝑃𝑉 ∈ R𝑁×𝑑 .

Self-attention exhibits quadratic memory complexity [14,
60], posing a significant challenge for modern hierarchical
memory systems. Due to the limited capacity of on-chip
memory, extensive data transfers occur between on-chip and
off-chip memory, resulting in substantial I/O overhead. This
bottleneck becomes a critical limitation in long-sequence
LLM inference during prefilling, where attention processes
all input tokens concurrently, dictating time-to-first-token
latency [53, 74]. Moreover, the softmax function requires
computing the exponential of each score and normalizing
by the row-wise sum of these exponentials. This require-
ment prevents the direct use of general matrix fusion tech-
niques [18, 36, 73], as they cannot guarantee numerically cor-
rect softmax results. Thus, minimizing I/O overhead while
preserving softmax accuracy remains a challenge for accel-
erating exact long-sequence self-attention.

1For clarity, we omit the typical scaling factor of 1/
√
𝑑 applied to𝑄𝐾𝑇 .
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Figure 2. Forward pass dataflows of (a) FlashAttention-2
and FlashAttention-3, and (b) FLAT.

2.2 Advances in Attention Acceleration
2.2.1 FlashAttention. FlashAttention [14] is an efficient
dataflow for exact long-sequence attention that minimizes
I/O operations within the GPU memory hierarchy. During
the forward pass, FlashAttention partitions the input ma-
trices (𝑄 , 𝐾 , 𝑉 ) into smaller blocks, allowing tiled attention
computations to be performed on-chip. It employs the online
softmax technique [48, 58], recomputing and updating atten-
tion outputs without materializing the full attention score
matrix. This enables accurate softmax computation while
minimizing frequent data transfers.

Figure 2(a) illustrates the forward pass dataflow of Flash-
Attention-2 [12] and FlashAttention-3 [61]. Matrices 𝑄 , 𝐾 ,
and 𝑉 are partitioned into smaller blocks 𝑄𝑖 , 𝐾 𝑗 , and 𝑉𝑗 . For
each pair of query and key blocks (𝑄𝑖 , 𝐾𝑗 ), the attention
score block 𝑆 ( 𝑗 )

𝑖
is computed as:

𝑆
( 𝑗 )
𝑖

=𝑄𝑖𝐾
𝑇
𝑗 .

A block-wise online softmax is then applied directly with-
out additional data transfers, using intermediate statistics
𝑚𝑖 and ℓ𝑖 to accurately normalize scores with incremental
recomputation:

𝑚old
𝑖 =𝑚𝑖 and 𝑚𝑖 =max(𝑚old

𝑖 , rowmax(𝑆 ( 𝑗 )
𝑖

)),

𝑃
( 𝑗 )
𝑖

= exp(𝑆 ( 𝑗 )
𝑖

−𝑚𝑖 ),
ℓ𝑖 = exp(𝑚old

𝑖 −𝑚𝑖 )ℓ𝑖 + rowsum(𝑃 ( 𝑗 )
𝑖

).
The partial output 𝑂𝑖 is updated by multiplying 𝑃 ( 𝑗 )

𝑖
with

𝑉𝑗 , aggregating results incrementally with previous partial
outputs [22]:

𝑂𝑖 = diag(exp(𝑚old
𝑖 −𝑚𝑖 ))−1𝑂𝑖 + 𝑃 ( 𝑗 )

𝑖
𝑉𝑗 .

After all 𝐾 𝑗 ,𝑉𝑗 blocks are processed for a given 𝑄𝑖 , a final
adjustment completes the output:

𝑂𝑖 = diag(ℓ𝑖 )−1𝑂𝑖 .
FlashAttention and its successors, based on the online

softmax technique, ensure exact softmax computation while
enabling memory-efficient block-wise execution. However,
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tiling sizes are chosen heuristically without a systematic anal-
ysis linking input dimensions, on-chip memory capacity, and
I/O operations. In contrast, AttenIO leverages systematic I/O
analysis to guide tiling and scheduling, further minimizing
I/O operations for exact long-sequence attention.

2.2.2 FLAT. FLAT [32] employs a fundamentally different
approach by utilizing a row-granularity dataflow to main-
tain softmax dependencies. As shown in Figure 2(b), FLAT
computes and stores intermediate attention scores on-chip
until a complete row batch is fully processed, then applies
the row-wise softmax directly on-chip. FLAT fuses row-wise
operations to retain intermediate results in on-chip mem-
ory, reducing I/O operations while preserving inter-operator
dependencies and avoiding recomputation.
However, this intuitive row-granularity dataflow intro-

duces trade-offs. Storing batches of complete rows on-chip
limits on-chip memory availability for other operations, of-
ten necessitating smaller tile sizes. These smaller tiles in-
crease the number of iterations over the 𝐾 and 𝑉 matrices,
resulting in higher I/O overhead. Additionally, smaller tiles
can underutilize computational resources (detailed in Sec-
tion 6). These trade-offs motivate our systematic I/O analysis
to optimize exact long-sequence attention.

2.3 Challenges and Opportunities
The FlashAttention series [12, 14, 61] and FLAT [32] pro-
pose dataflows to reduce I/O for exact long-sequence self-
attention, but their effectiveness depends heavily on tiling
sizes and scheduling. The I/O-optimal dataflow must align
with the dimensions of the input matrices and the available
on-chip memory. However, existing efforts typically rely on
heuristic tuning or empirical exploration without a compre-
hensive I/O analysis, leading to suboptimal I/O performance
under specific hardware and workload constraints. The Red-
Blue Pebble Game [31] provides a theoretical foundation for
analyzing data movement across memory hierarchies and
offers insights into data reuse and dependency patterns. It
has been successfully applied to optimizing FFT [31], matrix
multiplication [35] and CNN [8]. Building on this model, we
derive an I/O-optimal dataflow that analytically determines
tiling and scheduling for exact long-sequence self-attention.
Even when I/O operations are reduced through dataflow

optimizations, I/O stalls can still occur due to long-latency
off-chipmemory accesses.Moreover, computational resources
may idle while waiting for data transfers to complete [29],
leading to suboptimal hardware utilization. Therefore, given
a dataflow for long-sequence self-attention, it remains cru-
cial to analyze intra-dataflow dependencies to identify op-
portunities for fine-grained communication-computation
overlapping. We extend our I/O-optimal dataflow analysis

x2x1x0

f(x2)f(x1)f(x0)

y2y1y0

x2x1x0 y2y1y0

z2z1z0

f(x0,y0) f(x1,y1) f(x2,y2)

Map Zip

Element-wise func3on f Element-wise func3on f (mul3-collec3on)

Figure 3. Two example parallel patterns: Map and Zip.

to identify overlapping opportunities between data move-
ment and computation. Such fine-grained communication-
computation overlapping hides I/O latency and significantly
improves computational resource utilization.
Softmax computation introduces another key bottleneck

in long-sequence attention due to its row-wise normaliza-
tion and strict data dependencies. Both FlashAttention and
FLAT are constrained by these dependencies and thus strug-
gle to fully exploit parallelism in softmax operations. An
I/O-optimal dataflow must not only minimize I/O operations
but also enable parallel patterns within softmax execution.
Parallel patterns provide structured abstractions that effec-
tively represent a wide range of machine learning compu-
tations [20, 54, 55]. As illustrated in Figure 3, identifying
and exploiting parallel patterns such as Map and Zip allows
softmax to be decomposed into parallel-friendly, pipelinable
units, further improving the performance of long-sequence
self-attention.

3 I/O-Optimal Dataflow
3.1 Preliminary: Red-Blue Pebble Game
The Red-Blue Pebble Game [31] is a model designed to esti-
mate the minimum volume of data movement between two
levels of memory in a hierarchical memory system. It rep-
resents the computational process of an application using a
computational directed acyclic graph (CDAG), where each
vertex (𝑣 ∈ 𝑉 ) represents either a data entry or an operation
that generates a data entry. Edges in the CDAG indicate de-
pendencies between data elements. The memory hierarchy
consists of a theoretically unlimited slow memory and a fast
memory with a limited capacity of𝑀 elements.
In this model, a red pebble on a CDAG vertex indicates

that the associated data entry or computational result is
stored in fast memory, while a blue pebble denotes storage
in slow memory. Initially, blue pebbles are placed on vertices
associated with input data. The model enforces a constraint
of 𝑀 red pebbles that can be used concurrently, reflecting
the limited capacity of fast memory. A legitimate computa-
tion sequence involves manipulating the pebbles to indicate
the following: loading data into fast memory (red pebbling),
storing data in slow memory (blue pebbling), performing
computations (placing red pebbles on vertices dependent on
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Table 1. Key Notations.

Symbol Meaning

𝑀 Fast memory capacity (elements on-chip)
𝑁,𝑑 Dimensions, with 𝑁 ≫ 𝑑

A, B, C CDAG subsets for 𝐴, 𝐵, and partial sums of𝐶
𝑉𝑟 Subcomputation 𝑟 (subset of CDAG vertices,𝑉𝑟 ⊆ C)
Γ𝑟 Predecessor set in C with children in𝑉𝑟
𝐷𝑟 Dominator set of𝑉𝑟
𝛼𝑟 , 𝛽𝑟 , 𝛾𝑟 Projections of𝑉𝑟 onto 𝐴, 𝐵, and𝐶
𝑉𝐼𝑅,𝑟 ,𝑉𝐹𝑅,𝑟 Immediate reuse set and future reuse set used by𝑉𝑟
𝑊𝐵,𝑟 Vertices written back after𝑉𝑟
a, b Tiling sizes for 𝐴 and 𝐵
𝑡𝛼 Number of subcomputations reusing a block of 𝐴
𝜌𝑟 Compute-to-I/O ratio of𝑉𝑟
𝑇𝑟 I/O operations of𝑉𝑟
ℎ Number of subcomputations in tall-and-skinny MMM
𝑇 Total I/O operations in tall-and-skinny MMM
𝑇𝐴𝑡𝑡 Total I/O operations in long-sequence attention

antecedent vertices with red pebbles), and freeing up mem-
ory resources (pebble removal). The sequence concludes
when all output vertices are marked with blue pebbles.

The Red-Blue Pebbling Game has been successfully used
to derive the I/O complexity of general MMM [35], guiding
optimal tiling and scheduling strategies. Consider the matrix
multiplication 𝐶 = 𝐴𝐵, where 𝐴 ∈ R𝑚×𝑘 , 𝐵 ∈ R𝑘×𝑛 , and
𝐶 ∈ R𝑚×𝑛 . Assuming each matrix element is one word and
𝑀 < min{𝑚𝑛,𝑚𝑘, 𝑛𝑘}, none of these matrices fit into fast
memory. The optimal I/O complexity of general MMM is
thus proven to be 𝑂

(
𝑚𝑛𝑘√
𝑀

)
.

3.2 I/O Optimality of Tall-and-Skinny MMM
We analyze the I/O complexity of tall-and-skinny MMM, a
fundamental computation in exact long-sequence self-attention.
Consider thematrixmultiplication𝐶 = 𝐴𝐵, where𝐴 ∈ R𝑁×𝑑 ,
𝐵 ∈ R𝑑×𝑁 , and 𝐶 ∈ R𝑁×𝑁 , with 𝑁 ≫ 𝑑 . We assume the on-
chip fast memory capacity 𝑀 satisfies 𝑑 < 𝑀 < 𝑁𝑑 . Our
goal is to determine optimal tile sizes for matrices𝐴 and 𝐵 by
exploiting data reuse, thereby maximizing the compute-to-
I/O ratio and reducing I/O operations between fast (on-chip)
and slow (off-chip) memories. For clarity, key notations are
summarized explicitly in Table 1.
Vertices and Edges in CDAG. To analyze the I/O com-

plexity using the Red-Blue Pebble Game, we represent the
computation𝐶 = 𝐴𝐵 by a CDAG𝐺 = (𝑉 , 𝐸). The vertex set𝑉
consists of three subsets:A, B, and C, corresponding respec-
tively to elements of matrices𝐴, 𝐵, and the 𝑁 2𝑑 intermediate
partial results of matrix 𝐶 . Each vertex 𝑣 ∈ 𝑉 is represented
by a tuple (𝐹,𝑈 ), where 𝐹 ∈ {A,B, C} indicates the subset,
and 𝑈 specifies the coordinates within the corresponding
matrix. Specifically, vertices in subsets A and B have two-
dimensional coordinates representing their matrix indices,

while vertices in subset C have three-dimensional coordi-
nates representing partial computations. An element𝐶 (𝑡1, 𝑡2)
of matrix 𝐶 is computed through a sequence of partial up-
dates as 𝐶 (𝑡1, 𝑡2, 𝑡3) = 𝐶 (𝑡1, 𝑡2, 𝑡3 − 1) + 𝐴(𝑡1, 𝑡3) × 𝐵(𝑡3, 𝑡2).
Therefore, for each vertex 𝑣 = (C, (𝑡1, 𝑡2, 𝑡3)) with 𝑡3 > 1, the
corresponding edges in the edge set 𝐸 are ((A, (𝑡1, 𝑡3)), 𝑣),
((B, (𝑡3, 𝑡2)), 𝑣), and ((C, (𝑡1, 𝑡2, 𝑡3 − 1)), 𝑣).
Given the tall-and-skinny MMM CDAG 𝐺 = (𝑉 , 𝐸), the

CDAG can be partitioned into a sequence of subcomputations
𝑉1,𝑉2, . . . ,𝑉ℎ , corresponding to an execution order (schedul-
ing) of the CDAG, satisfying the following conditions:

1. Pairwise disjointness: 𝑉𝑖 ∩𝑉𝑗 = ∅, for all 𝑖 ≠ 𝑗 .
2. Complete coverage:

⋃ℎ
𝑖=1𝑉𝑖 =𝑉 .

3. No cyclic dependencies: There exist no cyclic depen-
dencies among the subcomputations.

Dominator Set. A dominator set 𝐷𝑖 of a subcomputation
𝑉𝑖 is the set of vertices in 𝑉 such that every path from any
input vertex of 𝐺 to a vertex in 𝑉𝑖 contains at least one
vertex in 𝐷𝑖 . For a given subcomputation 𝑉𝑟 ⊆ C, let its
projection onto matrix 𝐴 be 𝛼𝑟 = 𝜙𝑎 (𝑉𝑟 ), onto matrix 𝐵 be
𝛽𝑟 = 𝜙𝑏 (𝑉𝑟 ), and onto matrix 𝐶 be 𝛾𝑟 = 𝜙𝑐 (𝑉𝑟 ). We further
define Γ𝑟 ⊂ C as the set of vertices in C that have at least
one child in 𝑉𝑟 . Thus, the sets 𝛼𝑟 , 𝛽𝑟 , and Γ𝑟 represent the
inputs of𝑉𝑟 originating respectively from matrices 𝐴, 𝐵, and
the preceding partial results in 𝐶 . Together, these sets form
the minimal dominator set 𝐷𝑟 for subcomputation 𝑉𝑟 :

𝐷𝑟 = 𝛼𝑟 ∪ 𝛽𝑟 ∪ Γ𝑟 .

Since the projection of both 𝑉𝑟 and Γ𝑟 onto matrix 𝐶 equals
𝛾𝑟 , the minimal size of 𝐷𝑟 is computed as:

|𝐷𝑟 | = |𝛼𝑟 | + |𝛽𝑟 | + |𝛾𝑟 |. (1)

Takeaway: |𝐷𝑟 | represents the minimal amount of data that
must be resident in fast memory to perform the subcompu-
tation 𝑉𝑟 .
Reuse Set. Assuming each subcomputation 𝑉𝑟 ⊆ 𝐶 has

equal sizes [a × b × 1], such that |𝛼𝑟 | = a and |𝛽𝑟 | = b, the
number of computations performed by 𝑉𝑟 is:

|𝑉𝑟 | = |𝛼𝑟 | |𝛽𝑟 | = ab. (2)

The total number of subcomputations ℎ can be expressed as:

ℎ =
𝑁 2𝑑

ab
. (3)

Upon completion of𝑉𝑟 , red pebbles have three possibilities:
they can be immediately reused in the subsequent subcom-
putation, contributing to the immediate reuse set 𝑉𝐼𝑅,𝑟+1 of
𝑉𝑟+1; they may still hold red pebbles, waiting to be reused by
a future subcomputation 𝑉𝑢 (𝑢 > 𝑟 + 1), thus contributing
to the future reuse set 𝑉𝐹𝑅,𝑢 of 𝑉𝑢 ; or they must be stored
back, represented by the set𝑊𝐵,𝑟 , requiring the assignment
of blue pebbles.

Consider two successive computations, 𝑉𝑟 and 𝑉𝑟+1. After
the subcomputation 𝑉𝑟 , the sets 𝛼𝑟 , 𝛽𝑟 , and 𝑉𝑟 may contain
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elements placed with red pebbles. For the dominator set of
𝑉𝑟+1, the size is given by |𝐷𝑟+1 | = |𝛼𝑟+1 | + |𝛽𝑟+1 | + |𝛾𝑟+1 |. The
immediate reuse set𝑉𝐼𝑅,𝑟+1 is determined by the intersection
of these sets, leading to the inequality:

|𝑉𝐼𝑅,𝑟+1 | ≤ |𝛼𝑟 ∩ 𝛼𝑟+1 | + |𝛽𝑟 ∩ 𝛽𝑟+1 | + |𝛾𝑟 ∩ 𝛾𝑟+1 |.

The maximized immediate reuse set 𝑉𝐼𝑅,𝑟+1 is achieved only
if at most one of the overlapping projections 𝛼𝑟 ∩ 𝛼𝑟+1, 𝛽𝑟 ∩
𝛽𝑟+1, or 𝛾𝑟 ∩ 𝛾𝑟+1 is not empty, and only if 𝛾𝑟 = 𝛾𝑟+1 (the
proof is provided in [35]). In this case, the output of 𝑉𝑟 is
immediately reused by𝑉𝑟+1, maximizing the immediate reuse
set and eliminating any need to store the outputs of 𝑉𝑟 back
to slow memory. Therefore,𝑊𝐵,𝑟 = ∅. When this maximum
immediate reuse is achieved, we have:

|𝑉𝐼𝑅,𝑟+1 | = |𝛾𝑟 ∩ 𝛾𝑟+1 | = |𝛾𝑟 | = |𝛾𝑟+1 |, (4)

|𝑊𝐵,𝑟 | = |𝛾𝑟 \ 𝛾𝑟+1 | = 0. (5)
Besides immediate reuse, which involves output reuse,

future reuse refers to the reuse of input data. If 𝛼𝑟 holds red
pebbles and they are never removed until they are fully used
by 𝑡𝛼 subcomputations, then after subcomputation 𝑉𝑟 , the
future subcomputation 𝑉𝑢 , where 𝛼𝑢 = 𝛼𝑟 , can reuse the red
pebbles placed in 𝛼𝑟 directly. Similarly, 𝛽𝑟 can also hold red
pebbles after 𝑉𝑟 for reuse by further subcomputations. How-
ever, there is no single subcomputation 𝑉𝑢 for which both
𝛼𝑢 = 𝛼𝑟 and 𝛽𝑢 = 𝛽𝑟 , making it impossible to concurrently
reuse 𝛼𝑟 and 𝛽𝑟 . Consequently, retaining red pebbles from
only one input matrix in fast memory minimizes the con-
sumption of valuable fast memory capacity. Since matrices
𝐴 and 𝐵 have the same dimensions, we consider an opti-
mized dataflow that ensures each vertex of matrix 𝐴 is fully
reused by 𝑡𝛼 subcomputations. Therefore, each subcompu-
tation requesting 𝛼𝑟 as input contributes |𝛼𝑟 |

𝑡𝛼
to the loading

from matrix 𝐴. Assuming 𝛼𝑟 is reused by 𝑉𝑢 , we use |𝑉𝐹𝑅,𝑢 |
to reflect the contributions from all other subcomputations
except 𝑉𝑢 that request 𝛼𝑟 as input, thus we have:

|𝑉𝐹𝑅,𝑢 | =
(
1 − 1

𝑡𝛼

)
|𝛼𝑟 |. (6)

Takeaway: Immediate reuse reduces I/O by retaining com-
puted results (outputs) in fast memory for immediate use
by subsequent subcomputations, whereas future reuse re-
duces I/O by holding input data in fast memory until they
have been fully utilized across multiple subcomputations.
Together, maximizing both forms of reuse directly increases
the compute-to-I/O ratio.

Maximized Compute-to-I/O Ratio. We define the num-
ber of computations performed by 𝑉𝑟 for each I/O operation
between two levels of memory as the compute-to-I/O ratio.
Let 𝜌𝑟 represent the maximized compute-to-I/O ratio of 𝑉𝑟
in tall-and-skinny MMM, given by:

𝜌𝑟 =
|𝑉𝑟 |

|𝐷𝑟 | − |𝑉𝐼𝑅,𝑟 | − |𝑉𝐹𝑅,𝑟 | + |𝑊𝐵,𝑟 |
. (7)

αr

Matrix A

d d

N

a

Matrix B

Matrix C

βr

Nb

Vr
Vr-1

Figure 4. CDAG of a tall-and-skinny MMM with optimized
scheduling to minimize I/O operations. Red pebbles indicate
data elements resident in on-chip fast memory. The red frame
in matrix 𝐶 delineates the current subcomputation 𝑉𝑟 .

Considering Equations 1, 2, 4, 5, and 6, we have:

𝜌𝑟 =
|𝛼𝑟 | |𝛽𝑟 |

|𝛼𝑟 |
𝑡𝛼

+ |𝛽𝑟 |
=

ab
a
𝑡𝛼

+ b
. (8)

We define 𝑇𝑟 as the minimized number of I/O operations
required by 𝑉𝑟 . According to Equation 8, we have:

𝑇𝑟 =
|𝑉𝑟 |
𝜌𝑟

=
a

𝑡𝛼
+ b (9)

Let𝑇 denote the total I/O operations across allℎ subcomputa-
tions for tall-and-skinny MMM. Considering Equation 9 and
following the definition of the Red-Blue Pebble Game [31],
where 𝑁 2 final output vertices of matrix 𝐶 must be placed
in blue pebbles and stored back in slow memory, resulting
in an additional 𝑁 2 additional I/O operations. Thus, the I/O
lower bound of tall-and-skinny MMM is expressed as:

𝑇 ≥
ℎ∑︁
𝑖=1

𝑇𝑖 + 𝑁 2 =
𝑁 2𝑑

ab
×
(
a

𝑡𝛼
+ b

)
+ 𝑁 2. (10)

Takeaway: The compute-to-I/O ratio 𝜌𝑟 directly measures
computational efficiency relative to data movement. Maxi-
mizing 𝜌𝑟 leads directly to achieving the I/O lower bound
for tall-and-skinny MMM.
Attainability of the I/O Lower Bound. Figure 4 de-

picts a tall-and-skinny MMM scheduling that aligns with the
analysis of the I/O lower bound. This scheduling provides a
concrete illustration of how immediate and future reuse can
be maximized in practice. The tall-and-skinny matrices 𝐴
and 𝐵 are tiled into blocks of size a×𝑑 and b×𝑑 , respectively.
Initially, a𝑑 elements of matrix 𝐴 and b𝑑 elements of matrix
𝐵 are loaded into the on-chip fast memory with red pebbles.
To maximize immediate reuse, the entire tall-and-skinny
MMM CDAG is partitioned into 𝑁 2𝑑

ab subcomputations. Each
subcomputation generates ab partial outputs, ensuring that
the outputs of one subcomputation (except the vertices in the
top layer) are reused on-chip by the next subcomputation
without any I/O operations ( 1 ). Upon completing 𝑑 sub-
computations, the final ab outputs of matrix𝐶 (the top layer



I/O Analysis is All You Need: An I/O Analysis for Long-Sequence Attention ASPLOS ’26, March 22–26, 2026, Pittsburgh, PA, USA

vertices) are stored back to slow memory, and the next b𝑑
elements of the subsequent block of matrix 𝐵 are loaded into
fast memory, while the current block of matrix 𝐴 remains in
fast memory for future reuse in the next 𝑑 subcomputations
( 2 ). After matrix 𝐵 is fully traversed, indicating that the
corresponding block of matrix 𝐴 has been fully reused by all
possible subcomputations. Then, the process continues by
loading the next block of matrix𝐴 into the fast memory ( 3 )
and repeating the steps until all calculations are completed.

To minimize I/O operations in tall-and-skinny MMM, we
need to determine the tiling sizes a and b to maximize 𝜌𝑟
while considering the capacity constraint of the fast memory.
As shown in Figure 4, in order to execute 𝑉𝑟 , at most a𝑑 +
b𝑑 + ab vertices can be placed in red pebbles concurrently.
Thus, we have:

maximize 𝜌𝑟 =
ab

a
𝑡𝛼

+ b

subject to: a𝑑 + b𝑑 + ab ≤ 𝑀,

𝑡𝛼 =
𝑁

b
,

a, b ∈ N+ .

(11)

The maximum 𝜌𝑟 is achieved with the largest possible a,
where a = 𝑀−𝑑

𝑑+1 and b = 1. Substituting the optimal tiling
sizes a and b into Equation 10 yields the final I/O lower
bound of tall-and-skinny MMM:

𝑇 ≥ 𝑁𝑑 + 𝑁 2𝑑 (𝑑 + 1)
𝑀 − 𝑑 + 𝑁 2. (12)

Thus, excluding the constant 𝑁 2 outputs that must be stored
back, the optimal I/O complexity for tall-and-skinnyMMM is
𝑂

(
𝑁 2𝑑2

𝑀

)
. Comparing this with the optimal I/O complexity of

general MMM [35], 𝑂
(
𝑁 2𝑑√
𝑀

)
, the crossover occurs at

√
𝑀 =

𝑑 .
Note that

√
𝑀 > 𝑑 always holds in practice, which

aligns with modern on-chip memory capacities and
the long-sequence self-attention mechanism. There-
fore, exploiting both immediate and future reuse is not
only theoretically optimal but also practically relevant,
and is essential for achieving lower I/O complexity in
tall-and-skinny MMMs.
Takeaway: Optimal tiling sizes, determined by the fast-
memory capacity𝑀 , maximize 𝜌𝑟 and achieve the I/O lower
bound for tall-and-skinny MMM in practice, significantly
reducing I/O operations.

3.3 Dataflow of Exact Long-Sequence Attention
Inspired by the I/O analysis of tall-and-skinny MMM, we
develop an I/O-optimal dataflow for exact long-sequence
self-attention that explicitly exploits both immediate and
future reuse. Algorithm 1 details the proposed scheduling
and tiling strategy. Leveraging block-wise online softmax [48,

Algorithm 1 I/O-Optimal Forward Pass Dataflow for Long-Sequence Attention

1: Set block sizes a	 = !	#$
%$&' , b	 = 1.

Matrices Q, K, V ∈ ℝN×d in off-chip slow memory, on-chip fast memory of size M.

2: Divide Q into '	 = (
a  blocks, of size a	× d each.

3: Divide K, V into (	 = (
b  blocks, of size b	× d each.

4: for 0	 ≤ + < '	do
5:    Initialize O!	= 0  ∈ ℝa×d  and ℓ! , -! = (0), (−∞) ∈ ℝa on-chip.
6:    Load Q! ∈ ℝa	× d from off-chip slow memory to on-chip fast memory.
7:    for 0	 ≤ . < (	do
8:       Load K# ∈ ℝb	× d

 from off-chip slow memory to on-chip fast memory.
9:       Compute /!(#) = Q!KT# ∈ ℝa	× b

 .
10:       Update -)

*+$ = -!  and update -!	= -0'	(-)
*+$, 345-0'(/!(#))).

11:       Compute 78!(#) = 9':(/!(#)−-!) ∈ ℝa	× b, ℓ! = 9':(-)
*+$ −-!)ℓ! + rowsum( 78!(#)) ∈ ℝa.

12:       Load V# ∈ ℝb	× d
 from off-chip slow memory to on-chip fast memory.

13:       Update O!	= <+0= 9': -)
*+$ −-!

#,
O! + 78!(#)V# ∈ ℝa×d.

14:    end for
15:    Compute O!	= <+0= ℓ! #, O! 
16:    Store O! to the off-chip slow memory.
17: end for

58] enables accurate softmax computationswhileminimizing
I/O operations in attention score computations [14].

Scheduling. Initially, we divide the matrices 𝑄 , 𝐾 , and 𝑉
into blocks of size a × 𝑑 , b × 𝑑 , and b × 𝑑 , respectively (lines
2-3). We then structure the process of self-attention into
two key stages related to I/O operations: (1) computation
of attention scores (𝑆), and (2) computation of outputs (𝑂).
These stages are executed iteratively to process the entire
self-attention mechanism. In the first stage, a block of 𝑄 (a𝑑
elements) (loaded if the previous block of𝑄 cannot be reused)
and a block of 𝐾 (b𝑑 elements) are loaded into fast memory
(lines 6 and 8). The multiplication of these two blocks is then
performed in 𝑑 steps, and the partial attention scores (ab
elements) from the current step are aggregated immediately
with existing partial attention scores in fast memory (if any)
on chip, as illustrated in Figure 5(a). These updated scores
remain in fast memory for immediate reuse in the next step
(line 9). Once the final attention scores 𝑆 ( 𝑗 )

𝑖
are completed,

the process proceeds to applying the online softmax to the
corresponding block for 𝑃 (lines 10-11). The second stage
begins after the online softmax computation. The block of 𝑃
(ab elements) is used to weight the corresponding block of
𝑉 . This involves loading b𝑑 elements of 𝑉 into fast memory
(line 12). The multiplication between these two blocks is
then computed, as shown in Figure 5(b). After computation,
a𝑑 results are immediately aggregated with existing partial
outputs (if any) and kept in fast memory for subsequent
updates (line 13).

During execution, the block of 𝑄 remains in fast memory
for future reuse, while new blocks of 𝐾 and 𝑉 are loaded
sequentially into fast memory, alternating between the first
and second stages. This iterative process continues until all
blocks of 𝐾 and𝑉 have been traversed and the current block
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Figure 5. I/O-optimal CDAGs for long-sequence attention
(a) computation of attention scores (𝑆) with immediate reuse
of partial results, and (b) computation of outputs (𝑂).

of 𝑄 has been fully reused. Subsequently, a new block of 𝑄
is loaded, and the traversal of 𝐾 and 𝑉 is repeated.

Tiling. With respect to the total I/O operations described
in Algorithm 1, all elements of 𝑄 are loaded into fast mem-
ory once, accounting for 𝑁𝑑 I/O operations. The elements
of 𝐾 and 𝑉 are loaded into fast memory 𝑁

a times each, con-
tributing to a total of 2𝑁𝑑 × 𝑁

a I/O operations. Additionally,
the outputs of 𝑂 must be written back to slow memory, re-
sulting in 𝑁𝑑 I/O operations. Thus, the total number of I/O
operations 𝑇𝐴𝑡𝑡 for exact long-sequence self-attention is:

𝑇𝐴𝑡𝑡 = 2𝑁𝑑
(
1 + 𝑁

a

)
. (13)

In order to achieve the minimized 𝑇𝐴𝑡𝑡 , the tiling sizes
a and b must be determined by considering the capacity
constraint of the fast memory (𝑀). Note that blocks of 𝐾 and
𝑉 do not need to be resident in fast memory simultaneously.
Therefore, the fast memory must hold at least a𝑑 elements
of 𝑄 , b𝑑 elements of 𝐾 or 𝑉 , ab elements for storing partial
results of 𝑆 or 𝑃 after online softmax, a𝑑 elements for storing
partial results of 𝑂 , and intermediate vectors𝑚old

𝑖 ,𝑚𝑖 , ℓ𝑖 for
online softmax, totaling 3a elements. Hence, the optimization
problem is formulated as:

minimize 𝑇𝐴𝑡𝑡 = 2𝑁𝑑
(
1 + 𝑁

a

)
subject to: a𝑑 + b𝑑 + ab + a𝑑 + 3a ≤ 𝑀

a, b ∈ N+ .

(14)

The minimum 𝑇𝐴𝑡𝑡 is achieved by maximizing a, where a =
𝑀−𝑑
2𝑑+4 and b = 1. By substituting the optimal tiling sizes a and
b into Equation 13, we obtain the optimized I/O operations
for exact long-sequence self-attention:

𝑇𝐴𝑡𝑡 = 2𝑁𝑑 + 4𝑁 2𝑑 (𝑑 + 2)
𝑀 − 𝑑 . (15)
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Figure 6. Overview of AttenIO.
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Figure 7. Three levels of communication-computation over-
lapping.

Takeaway: The proposed scheduling and tiling strategy for
exact long-sequence self-attention achieves the I/O optimal-
ity derived from tall-and-skinny MMM analysis, making the
results practically achievable.

4 AttenIO Architecture
4.1 Overview
Figure 6 presents an overview of AttenIO, an I/O-driven ac-
celerator designed for the exact self-attention mechanism
on long input sequences. The key components of AttenIO
include a controller, a PE array, an EXP unit, a KV buffer, and
an on-chip cache. The controller implements the I/O-optimal
dataflow to minimize I/O operations between off-chip mem-
ory and the on-chip cache. It also coordinates the execution
of computations and data movement to enable three levels
of fine-grained communication-computation overlapping
during self-attention with online softmax. The KV buffer
alternately stores one block of 𝐾 and 𝑉 , increasing opportu-
nities for overlap between computation and data movement.
The PE array supports both matrix processing and the gen-
eral arithmetic operations required by softmax. The EXP
unit consists of multiple exponential modules [44, 72, 75]
that compute the exponentials involved in the softmax func-
tion. Moreover, the PE array and EXP unit work together
to support parallel patterns in a pipelined fashion, enabling
efficient softmax execution. Together, these components en-
able reduced I/O operations, fine-grained communication-
computation overlapping, and parallel softmax execution.

4.2 Communication-Computation Overlapping
To hide the long-latency of I/O operations and achieve high
performance in processing long-sequence attention, Atte-
nIO employs three levels of fine-grained communication-
computation overlapping: intra-inner-iteration, inter-inner-
iteration, and inter-outer-iteration, as illustrated in Figure 7.
To support preloading one block of 𝐾 or 𝑉 while the other
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block of 𝑉 or 𝐾 is used for computations, aligned with the
I/O-optimal dataflow, we introduce a KV buffer that alter-
nately stores a single block (𝑑 elements) from 𝐾 and 𝑉 .

Intra-Inner-IterationOverlapping.This level optimizes
operations within a single iteration of the inner loop (iter-
ation of 𝑗 in Algorithm 1). While the PE array computes
𝑆
( 𝑗 )
𝑖

= 𝑄𝑖𝐾
𝑇
𝑗 using 𝐾 𝑗 from the KV buffer (line 9), the con-

troller initiates preloading of the next required block of 𝑉
(𝑉𝑗 ) into the cache (line 12). Once the computation of 𝑆 ( 𝑗 )

𝑖

is completed, the preloaded 𝑉𝑗 is immediately moved from
the cache to the KV buffer for the following computations.
This overlapping ensures that data loading and computation
proceed concurrently within the same inner-loop iteration.

Inter-Inner-IterationOverlapping.This level optimizes
operations across different iterations of the inner loop (itera-
tion of 𝑗 in Algorithm 1). During the computations of 𝑂𝑖 in
the current iteration 𝑗 (line 13), the controller preloads the
next required block of𝐾 (𝐾 𝑗+1) into the on-chip cache (line 8).
Once the computations involving𝑉𝑗 are completed, the space
in the KV buffer is freed for 𝐾 𝑗+1, and the preloaded 𝐾 𝑗+1 is
immediately moved from the cache to the KV buffer. This
overlapping reduces I/O stalls between inner-loop iterations.

Inter-Outer-Iteration Overlapping. This level focuses
on optimizing the operations between different blocks of the
outer loop (iteration of 𝑖 in Algorithm 1). As the PE array
performs the final computations of 𝑂𝑖 = diag(ℓ𝑖 )−1𝑂𝑖 for
the current block 𝑖 (line 15), the controller releases the 𝑄𝑖
and initiates loading of𝑄𝑖+1 into cache (line 6). This overlap-
ping reduces idle time between outer-loop iterations, thus
increasing utilization of the PE array.

4.3 PE Array Organization
Figure 8 shows the organization of the PE array, consisting of
𝑝𝑞 MACs arranged in 𝑝 MAC lines, each containing 𝑞 MACs.
The PE array primarily computes𝑄𝑖𝐾𝑇𝑗 and 𝑃 ( 𝑗 )

𝑖
𝑉𝑗 following

our proposed I/O-optimal dataflow (detailed in Section 3.3).
For the computation of 𝑄𝑖𝐾𝑇𝑗 , the PE array performs the

operation over 𝑑 iterative steps. In each step, each MAC
computes one element of the ab partial results of 𝑆 ( 𝑗 )

𝑖
. Ac-

cording to the I/O-optimal dataflow, the optimal value of b
is 1, meaning each row of 𝐾𝑇𝑗 contains only one element. In
each step, each MAC fetches a different element from a col-
umn of𝑄𝑖 from the on-chip cache, while one element from a
corresponding row of 𝐾𝑇𝑗 is fetched from the KV buffer and
broadcast across all MACs for multiplications. The products
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Figure 9. Executing online softmax with parallel patterns
across pipelined stages: (a) Updating𝑚𝑖 and computing 𝑃 ( 𝑗 )

𝑖
,

and (b) Updating ℓ𝑖 .

are then accumulated into the existing partial sums of 𝑆 ( 𝑗 )
𝑖

.
This process repeats until all partial results are fully accumu-
lated, yielding the final 𝑆 ( 𝑗 )

𝑖
. The subsequent computation of

𝑃
( 𝑗 )
𝑖
𝑉𝑗 involves multiplying 𝑃 ( 𝑗 )

𝑖
∈ Ra×1 and𝑉𝑗 ∈ R1×𝑑 . Each

MAC is assigned a different element of 𝑃 ( 𝑗 )
𝑖

, while in each
step, one element of 𝑉𝑗 is fetched from the KV buffer and
broadcast across all MACs. This produces a partial results in
each step and continues for 𝑑 steps.

4.4 Softmax with Parallel Patterns
By employing the I/O-optimal dataflow, the need for row-
wise reductions in softmax computation is eliminated, con-
verting online softmax into a sequence of element-wise oper-
ations. This transformation enables parallel patterns, where
independent element-wise operations are structured across
pipeline stages, thereby improving the overall efficiency of
softmax processing. Figure 9 illustrates the execution of on-
line softmax computation with parallel patterns.
In Figure 9(a), three parallel patterns are applied for up-

dating𝑚𝑖 and then computing 𝑃 ( 𝑗 )
𝑖

, corresponding to lines
10 and 11 of Algorithm 1. As discussed in Section 3.3, the
I/O-optimal dataflow is achieved when b equals 1, resulting
in 𝑆 ( 𝑗 )

𝑖
∈ Ra×1. This eliminates the need for rowmax(𝑆 ( 𝑗 )

𝑖
),

as each row contains only a single element, thereby avoiding
row-wise traversal and reducing computational overhead.
All calculations for updating𝑚𝑖 and computing 𝑃 ( 𝑗 )

𝑖
become

independent and element-wise. Based on this insight, three
parallel patterns are introduced to exploit data-level paral-
lelism: calculating element-wise maximum values between
𝑚old
𝑖 and 𝑆 ( 𝑗 )

𝑖
; computing the element-wise difference be-

tween 𝑆 ( 𝑗 )
𝑖

and𝑚𝑖 ; and calculating the exponential of each
element to obtain 𝑃 ( 𝑗 )

𝑖
.

Figure 9(b) illustrates four parallel patterns for updating
ℓ𝑖 , corresponding to line 11 of Algorithm 1. Similar to the
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Table 2. Configuration of AttenIO.

Components Configuration
PE Array 64×32 MACs, 1 GHz
EXP Unit 128 EXP Modules, 1 GHz
KV Buffer 0.25 KB

On-Chip Cache 512 KB
Off-Chip Memory 128 GB/s, 16 64-bit HBM channels, 8GB/s per channel

analysis of 𝑆 ( 𝑗 )
𝑖

, we have 𝑃 ( 𝑗 )
𝑖

∈ Ra×1. Therefore, there is no
need to traverse all elements of a row in 𝑃 ( 𝑗 )

𝑖
for processing

rowsum(𝑃 ( 𝑗 )
𝑖

); all calculations for updating ℓ𝑖 are performed
using four element-wise parallel patterns, including: calcu-
lating the difference between𝑚𝑖 and𝑚old

𝑖 ; computing the
exponential of the results from the previous stage; perform-
ing multiplication of the exponential results with ℓ𝑖 ; and
aggregating the results with 𝑃 ( 𝑗 )

𝑖
to update ℓ𝑖 .

5 Evaluation Methodology
Table 2 presents the detailed hardware configuration of Atte-
nIO. We implement the core components of AttenIO in RTL
and synthesize them using Synopsys Design Compiler with
the TSMC 22 nm technology standard cell library, operating
at a frequency of 1 GHz, to obtain power and area statis-
tics. We use CACTI 7.0 [4] to model the latency, power, and
area of the on-chip memory components, including on-chip
cache and the KV buffer. Performance is evaluated using
a cycle-accurate simulator that integrates detailed models
for computation, memory accesses, and dataflow execution.
For off-chip memory, all HBM timing parameters are de-
rived from DRAMSim3 [38], assuming an HBM bandwidth
of 128 GB/s. The simulator takes hardware configurations
and model parameters as input and reports execution time,
data movement between on-chip and off-chip memory, PE
utilization, and softmax efficiency for performance compari-
son.
We compare AttenIO against three state-of-the-art data-

flow baselines: Standard, FLAT [32], and FlashAttention-
2 [12]2. To ensure fairness, all dataflows are evaluated on
the same hardware configuration as AttenIO, summarized in
Table 2. Standard follows the default execution flow for ex-
act self-attention [52], while FLAT adopts a row-granularity
dataflow [32]. For Standard and FLAT, we tune their tiling
sizes using the Red-Blue Pebble Game analysis for general
MMM [35], adapting them to different on-chip cache sizes
to ensure fair evaluation. FlashAttention-2 employs a block-
wise online softmax dataflow. To determine the adaptive
tiling sizes, we follow the strategy of FlashAttention [14],
which defines the tiling parameters as explicit functions of
the available on-chip cache capacity𝑀 and head dimension𝑑 .
Specifically, the row tile size is set to 𝐵𝑟 =min(⌈𝑀/(4𝑑)⌉, 𝑑),
2FlashAttention-3 [61] uses the same forward dataflow as FlashAttention-2;
thus, we use FlashAttention-2 as the representative baseline.
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Figure 10. Speedup comparison of FLAT, Standard,
FlashAttention-2, and AttenIO.

and the column tile size is set to 𝐵𝑐 = ⌈𝑀/(4𝑑)⌉. We adhere
strictly to the original dataflow and tiling strategy, ensuring
proper adaptation to the target hardware configuration.
We evaluate sequence lengths (𝑁 ) ranging from 8K to

128K, with a hidden dimension of 2048 and head dimen-
sions (𝑑) of 64 and 128. The data precision for all evalu-
ations is FP16.3 Moreover, to demonstrate the real-world
impact, we measure inference latency during the prefilling
stage of GPT-3 [6]. Finally, to assess the performance of
AttenIO against GPUs, we compare AttenIO with two im-
plementations on an NVIDIA H100 GPU: FlashAttention-2
(optimized by cuDNN [10] specifically for H100 GPUs) and
FlashAttention-3 [61]4. For a fair comparison, we scale the
hardware resources of AttenIO tomatch the peak throughput
of the H100 GPU.

6 Experiment Results
6.1 Exact Attention Performance
Figure 10 compares AttenIO with the dataflows Standard,
FLAT, and FlashAttention-2 under identical hardware config-
urations, across varying sequence lengths and head dimen-
sions. Speedups are normalized to Standard. We make three
major observations. First, AttenIO consistently outperforms
all baselines for all configurations. For a head dimension of
64, AttenIO achieves geometric mean speedups of 8.8×, 2.5×,
and 1.6× over FLAT, Standard, and FlashAttention-2, respec-
tively. When the head dimension increases to 128, AttenIO
achieves speedups of 9.9×, 1.9×, and 1.3×, respectively. Sec-
ond, FlashAttention-2, which utilizes online softmax and a
block-wise dataflow, demonstrates better performance com-
pared to FLAT and Standard. Although both AttenIO and
FlashAttention-2 employ online softmax, AttenIO performs
better due to its optimized tiling based on comprehensive
3Our I/O analysis adapts to varying data precision, as precision directly
affects the fast memory capacity𝑀 , enabling tile sizes to scale accordingly.
4FlashAttention-3 incorporates hardware-specific optimizations for the
NVIDIA Hopper GPU architecture.
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Figure 11. Normalized I/O operations of FLAT, Standard,
FlashAttention-2, and AttenIO.

I/O analysis and I/O-driven optimizations. Third, although
FLAT employs a row-granularity dataflow and fuses opera-
tions involving softmax andMMM, its performance struggles
with longer sequence lengths and the larger head dimension,
highlighting the limitations of a heuristic dataflow design.

6.2 Detailed Analysis
6.2.1 Data Movement. To evaluate the effectiveness of
the I/O-optimal dataflow of AttenIO, we measure the vol-
ume of data movement (in bytes) between the on-chip cache
and off-chip memory. Minimizing data movement is crit-
ical to improving the efficiency of attention mechanisms.
Figure 11 presents the normalized data movement during
exact self-attention across various evaluated configurations.
We observe that AttenIO consistently incurs significantly
lower data movement than the baselines across all evalu-
ated sequence lengths. For a head dimension of 64, FLAT in-
curs 273.7× more data movement on geometric mean, while
Standard and FlashAttention-2 incur 57.0× and 26.8× more,
respectively. For a head dimension of 128, FLAT, Standard,
and FlashAttention-2 incur 148.8×, 16.4×, and 7.3× more
data movement than AttenIO, respectively. The substantial
difference in data movement highlights the advantage of us-
ing a comprehensive I/O analysis to guide tiling. Unlike the
heuristic tiling in FlashAttention-2, AttenIO considers both
the input dimensions and the capacity limitations of on-chip
cache to guarantee minimal I/O operations. Additionally,
we observe that data movement of FLAT increases signifi-
cantly with larger input sequence lengths and higher head
dimensions. Even when the on-chip cache can store several
rows of intermediate activations, storing long rows with lim-
ited cache capacity reduces data reuse opportunities during
MMMs, which increases I/O operations. If the cache cannot
hold even a single row, FLAT must offload partial results to
off-chip memory, further reducing fusion efficiency.

6.2.2 Hardware Utilization. Figure 12(a) presents the
geometricmean PE array utilization across all input sequence
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Figure 12. Utilization comparisons: (a) PE utilization, and
(b) EXP unit utilization.

99.5%
99.6%
99.7%
99.8%
99.9%

100.0%

8K 16K 32K 64K 128K 8K 16K 32K 64K 128K

Ex
ec

ut
io

n 
Ti

m
e(

%
) Computation Time Memory Stall Time

Head dimension 64 Head dimension 128

Figure 13. Computation time and memory stall time break-
down of AttenIO.

lengths for AttenIO and the baselines. PE array utilization is
defined as the percentage of time the PE array actively per-
forms computations relative to total execution time. AttenIO
consistently achieves the highest utilization among all base-
lines, reaching 82.1% for a head dimension of 64 and 90.3%
for 128. The high PE utilization of AttenIO is attributed to its
I/O-optimal dataflow, which minimizes I/O operations, and
its fine-grained communication-computation overlapping,
which further reduces I/O stalls. Figure 12(b) compares the
utilization of the EXP unit between FlashAttention-2 and
AttenIO, both employing online softmax. For a head dimen-
sion of 64, AttenIO achieves a utilization of 19.9%, which is
3.3× higher than FlashAttention-2. For a head dimension of
128, the EXP unit utilization of AttenIO is 11.2%, which is
2.7× higher than FlashAttention-2. AttenIO integrates soft-
max computations within its parallel patterns, fully utilizing
data-level parallelism and enabling more efficient parallel
processing. This results in pipelining between the PE array
and the EXP unit, leading to a combined PE and EXP unit
utilization that exceeds 100%.
Figure 13 presents the breakdown of execution time for

AttenIO across different sequence lengths and head dimen-
sions. We separate execution time into computation time,
during which at least one of the PE array or the EXP unit
is actively executing, and memory stall time. We observe
that memory stall time remains consistently below 1% for
all evaluated configurations, and decreases further as the
sequence length increases. For a head dimension of 64, the
memory stall fraction drops from 0.32% at 8K to 0.02% at
128K, while for a head dimension of 128, it decreases from
0.33% to 0.02%. The consistently low stall fraction confirms
that AttenIO not only effectively mitigates data movement
between the on-chip cache and off-chip memory through
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Figure 14. Overall speedup comparison of FLAT, Standard,
FlashAttention-2, and AttenIO across varying cache sizes.

the I/O-optimal dataflow, but also further hides data move-
ment latency via control mechanisms such as three-level
communication-computation overlapping and parallel soft-
max execution, allowing computation to proceed with mini-
mal interruption. We further compare the energy efficiency
of AttenIO and FlashAttention-2. AttenIO achieves average
improvements of 1.5× and 1.3× over FlashAttention-2 for
head dimensions of 64 and 128, respectively.

6.3 Performance with Different Cache Sizes
To understand the generalization capability of AttenIO, Fig-
ure 14 shows the geometric mean speedup of AttenIO and
the baselines in executing exact attention across various
input sequence lengths for each cache size. AttenIO consis-
tently outperforms the baselines across all cache sizes. Specif-
ically, for a head dimension of 64, AttenIO achieves stable
speedups ranging from 2.2× to 2.5×, while the second-best,
FlashAttention-2, achieves speedups ranging from 1.4× to
1.5×. For a head dimension of 128, AttenIO achieves speedups
ranging from 1.8× to 1.9×, while FlashAttention-2 achieves
speedups between 1.2× and 1.5×. These results validate the
importance of I/O analysis considering matrix dimensions
and hardware constraints, and confirm that communication-
computation overlapping and parallel softmax execution
improve the robustness and efficiency of AttenIO.

6.4 Performance with Block-Wise Causal Mask
In auto-regressive language modeling, a causal mask ensures
each token attends only to itself and preceding tokens [11,
77]. We implement a block-wise causal mask [14], where any
block of 𝑆 containing only elements with column indices ex-
ceeding row indices can be skipped entirely. Figure 15 illus-
trates the performance gains of AttenIO over FlashAttention-
2 when a block-wise causal mask is applied. We make three
key observations. First, AttenIO consistently outperforms
FlashAttention-2 across all sequence lengths and head dimen-
sions. Second, as the input sequence length increases, the
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Figure 15. Speedup of AttenIO over FlashAttention-2 with
a block-wise causal mask.
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Figure 16. Performance comparison of long-sequence pre-
filling across different sequence lengths.

performance gain of AttenIO over FlashAttention-2 becomes
more pronounced. Third, AttenIO achieves geometric mean
speedups of 1.6× and 1.3× over FlashAttention-2 for head
dimensions of 64 and 128, respectively. These improvements
align with the speedups observed without a causal mask,
demonstrating the robustness and generality of AttenIO.

6.5 Prefilling Efficiency
We measure the prefilling latency during GPT-3 [6] infer-
ence, where self-attention is the main bottleneck. Figure 16
presents the normalized speedup across varying sequence
lengths. Across all evaluated sequence lengths, AttenIO ex-
hibits performance gains due to its I/O analysis-guided data-
flow and optimizations. At a sequence length of 8K, Atte-
nIO achieves speedups of 2.3×, 1.8×, and 1.3× over FLAT,
Standard, and FlashAttention-2, respectively. These results
demonstrate that AttenIO effectively reduces prefilling la-
tency, thereby minimizing initial token-generation delays.

6.6 Comparison with GPU Implementations
Figure 17 compares the performance of AttenIO in executing
exact attention with SOTA GPU implementations, including
cuDNN-optimized FlashAttention-2 and FlashAttention-3.
For a head dimension of 64, AttenIO achieves a geometric
mean speedup of 3.4× over FlashAttention-2 (cuDNN) and
3.0× over FlashAttention-3. For a head dimension of 128, At-
tenIO obtains a speedup of 2.4× over both implementations.
Overall, these results demonstrate that AttenIO substantially
outperforms SOTA GPU-optimized attention methods.

6.7 Area and Power
In AttenIO, the area and power breakdown is summarized
in Table 3. The total area of AttenIO is 3.72 mm2, with the
PE array occupying the dominant fraction of the chip area.
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Figure 17. Performance comparison of AttenIO against
SOTA GPU implementations.

Table 3. Area and Power of AttenIO.

Components Area (mm2) Power (mW)
PE Array 2.44 2583.92
EXP Unit 0.48 485.84
KV Buffer 0.01 0.65

On-Chip Cache 0.79 162.52
Total 3.72 3232.93

Specifically, the PE array accounts for 65.6% of the total area.
In terms of power consumption, AttenIO consumes a total
of 3232.93 mW under the evaluated configuration.

7 Related Works
During the prefilling phase of LLM inference, the computa-
tional complexity of attention scales quadratically with input
sequence length. To accelerate attention, several hardware
accelerators [23, 24, 39, 44, 57, 63, 64, 64, 71, 78, 80] acceler-
ate attention by exploiting dynamic sparsity. A3 [23] applies
coarse-grained structured sparsity using a ranking mecha-
nism to identify important tokens. SpAtten [71] dynamically
prunes attention heads and tokens during execution based on
cumulative token and head importance scores, introducing
a structured sparsity pattern. ELSA [24] avoids unnecessary
computations by approximating the angular similarity be-
tween key and query vectors through low-bit quantization
and similarity prediction. Sanger [44] quantizes key and
query vectors, mapping the score matrix into a sparse rep-
resentation by zeroing out insignificant scores. DOTA [57]
introduces a lightweight detector based on low-rank trans-
formations to identify weak attention connections. These
works exploit approximate sparsity to reduce computation
and data movement, making them suitable for scenarios tol-
erant to approximate results. AttenIO, in contrast, targets
exact attention acceleration, explicitly addressing the I/O
bottleneck without sacrificing quality during LLM serving.

A complementary line of work focuses on accelerating ex-
act attention through improved mapping of computations to

compute resources. FuseMax [50] reinterprets FlashAttention-
2 using the einsum abstraction and maps it onto spatial ar-
rays to improve computational efficiency. While FuseMax
enhances computation utilization, its tiling and scheduling
follow those of FlashAttention-2, and thus its I/O behavior
remains unchanged. In contrast, AttenIO derives a new I/O-
optimal dataflow through systematic I/O analysis, reducing
data movement beyond FlashAttention-2. Moreover, the I/O
analysis and I/O-driven optimizations in AttenIO comple-
ment GPUs [53] and PIM architectures [26, 28, 51, 79].

8 Discussion
Throughout this work, our I/O analysis is grounded in the
Red-Blue Pebble Game model [31], which captures data
movement between a two-level memory hierarchy consist-
ing of a small-and-fast memory and a large-and-slow mem-
ory. In this setting, the I/O cost corresponds to load and
store operations between these two memory levels, com-
monly referred to as vertical I/O. This abstraction directly
aligns with modern accelerator and GPU systems, where a
limited-capacity on-chip SRAM serves as the fast memory,
and off-chip HBM or DRAM serves as the slow memory. For
example, an NVIDIA A100 GPU integrates 40-80 GB of HBM
and 192 KB of on-chip SRAM per streaming multiprocessor
across 108 SMs [30]. Data movement across this boundary is
widely recognized as the primary performance bottleneck in
data-intensive and AI workloads, including long-sequence
attention [14].

While our analysis focuses on a two-level memory hierar-
chy, the underlying I/O analysis can be extended to deeper
memory hierarchies. In principle, multi-level memory sys-
tems can be analyzed recursively in a manner analogous
to performance models such as Average Memory Access
Time (AMAT) [27] and Concurrent-AMAT (C-AMAT) [66],
by applying the I/O analysis layer by layer and treating each
adjacent pair of memory levels as a small-and-fast versus
large-and-slow hierarchy. Exploring such multi-level exten-
sions in detail is beyond the scope of this paper and is left
for future work.

Moreover, the Red-Blue Pebble Gamemodel can also be ap-
plied to horizontal I/O. In distributed machines with limited
memory per node, such transfers correspond to communi-
cation operations between nodes [35]. Our analysis can be
naturally extended to incorporate horizontal I/O, which rep-
resents an important direction for future work as attention
workloads increasingly scale across multiple accelerators.

9 Conclusions
Given that I/O is a key performance bottleneck in modern
accelerators and that long-sequence self-attention incurs
particularly high I/O overhead, we propose AttenIO, an ac-
celerator for long-sequence self-attention based on a system-
atic I/O analysis. AttenIO minimizes I/O operations through
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an I/O-optimal dataflow, reduces stalls via communication-
computation overlapping, and executes softmax using paral-
lel patterns. Comprehensive evaluations show that AttenIO
outperforms existing solutions, underscoring that systematic
I/O analysis provides a powerful foundation for accelerat-
ing long-sequence attention. We believe AttenIO serves as a
compelling case study of how hardware-aware I/O analysis
can guide the optimization of high-performance systems.
Moreover, the I/O analysis-driven optimizations introduced
in this study are generalizable and can be extended to other
data-intensive applications.
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